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Abstract 

The loop expansion of the effective action is used to evaluate quantum corrections 
to a scalar field theory (massive (p'^ model) on AdSn+i ■ We evaluate one loop cor- 
rections and show that they preserve conformal invariance of the boundary theory as 
conjectured by AdS/CFT correspondence. 
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1 Introduction 



It was at the end of 1997 that Maldacena conjectured a correspondence between the 
large hmit|^ of certain Yang-Mills superconformal field theories and supergravity on 
AdSn+i ■ However in his article he didn't explain how to do calculations with it and several 
authors tried to make the correspondence more precise. In |Q] a possible formulation within 
string theory can be found, but it was mainly Witten |^] that explained how to construct 
explicitly the two point Green's function in a general frame. He considered a simple 
model like the scalar field theory and using heuristic arguments, wrote an expression for 
the Green's function in the massless and massive case. 

Basically the idea is to identify the partition function of the bulk {AdSn+i ) theory 
with the generating functional for the boundary conformal theory. Obviously the partition 
function involves a functional integration so we must impose suitable boundary conditions 
to restrict this integration. The boundary value of the bulk field is to be identified as a 
source term for the boundary theory. In this formulation the correspondence seems to 
be true more generally and not restricted to string theory. In this paper we consider a 
massive scalar field theory. 

Suppose to have the (j) field defined on AdSn+i (which we shall denote fi) and consider 
the (po field defined as the value of the (j) field on the boundary dQ. At the same time 
consider a set of operators O which belong to the boundary theory and assume a coupling 
of the form 

/ d"xO(x)(/.o(x) 
Jdn 

We can define the generating functional for the boundary theory as 

\ / CFT 

but we have no idea on how to evaluate the Qcft expectation value. Consider now the 
bulk scalar theory and its partition function Zj\^ij_s[S; (po] whose expression is 

ZAds[S;M = I ^^^e-^l-^l 

The AdS/CFT correspondence states that we can identify the two last expressions 

/e/an<AoO\ ^ f Vcl> e'^^*^ (1) 
\ 'CFT 

provided that we restrict the functional integration on the right hand side to the (j) fields 
that satisfy the (j)Q boundary condition. In this way we have a prescription on how to 
evaluate the Qcft expectation value. 

A large number of papers on this subject has been produced starting from [|l| and [^. 
See for example @ - [§| for specific arguments. A detailed introduction to the AdS/CFT 

^A'^ is the dimension of the gauge group. 
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correspondence can be found in the first part of and for a general reference on conformal 
field theories see |10]. 

To my knowledge the correspondence has always been considered at tree level, evalu- 
ating the partition function of the bulk theory only over the classical solution. The basic 
requirement is that the derivatives with respect to (j)o evaluated at 0o = of the right hand 
side of @) are covariant under the conformal group. It is then interesting to push further 
our calculation by considering the one loop approximation in order to see whether the 
correspondence remains true. This is what we do in this paper. We emphasize that our 
calculations are formal in the sense that we do not worry about possible infinities in our 
expressions. Nevertheless infinities are a real problem which several authors discussed (for 



example |11], ||T^) but we think that a formal verification of the transformation properties 
under the conformal group is a necessary prerequisite for any further development. In 
section 2 we propose a brief review of the tree level case and the basic results. In section 
3 we calculate the one loop corrections for the correlation functions and we study their 
transformation rules. 



2 Scalar field theory on 1 : a review 

In the following we will use some notations introduced in several recent papers (|^], 
Consider a (n+2)-dimensional pseudoeuclidean space E^'^'^ with coordinates 



n 



Y = (yo, ■ ■ ■ , Vn+i) ds^ = dyl - dy^+i - ^ dyj 

i=l 

In this frame the euclideanQ AdSn+i equation turns out to be 

n 

2 2 \ ^ 2 1 

2/0 - Vn+i -l^Vi =1 

i=l 

Define u = uq + Un+i, v = yo — Vn+i, = ^ with i = 1, . . . ,n and xq = u~^. In this way 
we obtain the well known AdSn+i metric 



ds' 



1 " 



^0 i=o 



The y set of coordinates should not be confused with the x set since the former is defined in 
the space while the latter is defined on the AdSn+i manifold. The AdSn+i manifold 

is represented by the upper half plane with equation xq > while its boundary dQ is 
represented by the hyperplane xq = plus the single point xq = oo. 

^Here the "time" coordinate is represented by j/n+i, so the euclidean AdSn+i corresponds to considering 
yn+i it/n+i; the minkowskian version of AdSn+i would have been 

n 

2 , 2 2 1 

2/0 + Vn+i - Z^Vi =1 
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The action Slcp] for the scalar t/)^ model is 



which yields the field equation 

where0 = -^d^{^d^). Here the y/g factor is the square root of the metric determinant 

and makes the global measure {(P~^^x y^} invariant under general coordinates transfor- 
mations. By means of the Green's formula we transform into an integral equation 

Jan <^y^i Jn (4) 

= ,/.W(x) + 0«(x) 

Here h is the determinant of the induced metric on (9il and the covariant Green's function 
satisfies the equation 

-m')G{x,y) 

with the boundary condition G{x,y)\^^QQ = 0. The tree level approximation is then 
(/)(x) ~ (p^^^ (x) and the action takes the form 

S[^] = l [ d"xV^n^(/.(°)a'^ + ^ / (i"+^a;^(</.(°))^ (5) 
2 Jan 4! Jq 

Let's consider now the free field case. Solving equation (^) by Fourier-transform meth- 
ods, we find two linearly independent solutions 

x^ e'^^'^^Iaikxt)) x^e~'^'^Ka{kxo) 



72 2x^, ,_<5«+i(x-y) 



where e are modified Bessel functions^ [jT3| and a = y ^ + rn^'i k is an n dimen- 



sional vector while A: = |k| = y X]r=i ^f - covariant Green's function is 

/An I, 



+ Ia{kxo)Ka{kyo)6{yo- xq)] (6) 



^ In these coordinates the operator (V'^ — m^) is explicitly given by 

1=0 

4 ) 



^o2.9^--o(n-l)— -m 



Ia{z) and Ka{z) satisfy the differential equation 



ad^w dw , 2 , 2^ ri 
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where 6 is the Heaviside step function. This expression can be integrated exphcitly and 
the result is 

G'(x,y)=-^r^Fg,A;a+l;r') (7) 

where 

A n r(A) 



2 7r2r(a) 
and F{a, b; c; z) is the hypergeometric function; the expression for ^ is 

C = ['^ ~ ^'^ + \x- 2/*P] + y/\x - 7/|2|x - y^pj 

where x= (xqjx), x* = (— xo,x) and = X]"=o'"?- 

After a rather lengthy calculation it is possible to arrive at the following expression for 
the action 5'[0] at tree level 

Sm = - ca d xd y -. pj-r — h 

+ — — / . . . (i"x4 (/)o(xi) . . . (/)o(x4) /4(xi, . . . ,X4) 

4! Jan 

where Ia{xi, . . . , X4) is expressed by 



/4 a^i,...,X4) = / -—^ ^— 



n yo \yo + \y-^irJ \yo + \y-^i 



(9) 



and (j)o represents the boundary value of the (j) field. The AdS/CFT correspondence states 
then that two and four point functions for the boundary theory must have the form 

(O(x)O(y)) oc (10) 

|x — y| 



(0(X,)0(X,)0(X3)0(X4))OC/(^1^,^) n 4^ (11) 

VX13X24 Xi4X23y ^. 



i,j=l;i<j X-j 



as dictated by conformal invariance. In |14] it is shown that this is the case and the 
argument is generalized to the n point functions at tree level. Here / is an arbitrary 



function and Xjj = |xi 



3 Beyond the tree level: one loop corrections 

In the following we discuss in detail the two and four point one loop corrections and we 
show that the argument can be extended to the n point case straightforwardly. 
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3.1 Effective action 



Let's define (/>j(x) to be the classical solution, which obeys the classical field equation 
N = J{x) and satisfies (pj{x)\j=o = 0. Define the fluctuation fleld ^ = (p — (pj 

and perform a Taylor expansion of S[(f)] around the stationary point (p = (pj. Denoting 
the generating functional by Z[J] we have 



1^' 



\ 



(12) 



J=0, 



Note that 3^(1^ 
so we have 



52 s 



,0 ^'f>(^)^<t>(y) 



and the integrals involved in (|12|) are Gaussian, 



'det 



5-2 s 



5(j>(x)5<j){y) 



0=0 



/det 



525 



<5(/)(a;)<5(/i(y) 



The effective action F is 



r[</.j] = 5[</.j] + -lndet 



525 




5<j){x)5(t>{y) 


4>=4>.J 


52 S 




5(p(x)S<j){y) 


0=0 



5[0j] + -lndet(^ 



(13) 



(14) 



where (p{J:, x) 



1 5lnZ[.J] 



and we have defined 



■'i=0 ax? 



„2 V" 9^ 

■^0 Z^i= 

^0 2^j=o ax: 



(n-l)g|^-m2-A(<^(0)(^))^ 



2 v^n 92 , 1 \ a 2 



(15) 



3.2 One loop corrections 

The one loop corrections for the two and four point functions are 

.2 r^n+l^ / xA 



{0{y)0{z)) 



+ |x - y|2 



Xn + X — Z 



(16) 



(0(y)0(z)0(v)0(w)) = ^A^c^ / ^^G2(x,x')x 

Vxg + |x-y|V \^a;^ + |x- z|V + |x' - v| V \^a;'o2 + |x' - w| V 
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We have here defined a = G{x,x) because it is easy to check that G{x,x) is a constant. 

We now show that these expressions satisfy the constraints imposed by conformal 
invariance. It is clear from the very structure that they are invariant under the Poincare 
subgroup, so ah we have to do is to verify their covariance under dilations and SCT (Special 
Conformal Transformations) . 

Under a dilation u — > au we have 



(O(ay)O(az)) 



aXc^ 



X, 



Xo 



a;5 + |x - ay[ 



Xo 



Xq + |x — azp 



(18) 



Changing the integration variable x ^ ax we have 



(0(ay)C»(az)) = 



4A 



Xo 



Xo 



+ |x 



(19) 



a-2^(0(y)0(z)) 



The dilation is performed on an n-vector while the change in the integration variable is 
on an (n+l)-vector, but we can always interpret u = (0, u). 



Let's consider now the SCT transformation u — >^ u' 

7(u) = [l-2(b-u)+b2u2] 

7(n) = [1 - 2(6 • u) + b'^u^] 

where the dot stands for the canonical scalar product. 
We have 



u-bu^ 



l-2(b-u)+b^u2 



and define 



WW)) 



aXcP 



Xo 



xl + 



X 



7(y) 



Xo 



\4 + 



X 



z-bz2 

7(z) 



Note that ^{u) ^ 7(u) so that the 7 factors cannot be reabsorbed by changing the inte- 
gration variable. In this case the verification requires three preliminary remarks: 

• an n dimensional SCT transformation with parameter b performed on n dimensional 
vectors u is equivalent to an n+l dimensional SCT transformation with parameter 
h = (0, b) performed on n+l dimensional vectors u = (0, u); 

• an n+l dimensional SCT transformation with parameter b performed on n+l di- 
mensional vectors u = {uo, u) is explicitly given by 




up 
7(n) 
u-bu^ 
7(«) 



so that the "time" component is only rescaled; 
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• equation (p^) can be written as 



. ^ / (^) (^) ,20) 

where y = (0, y), 2: = (0,z). 

Consider then the n-dimensional transformation with parameter b as a particular n+1 
dimensional transformation with parameter b = (0,b). We shall note that under SCT we 
have 

I I I '^'^ J I 

so that equation ( pO| ) transforms into 

in( '\n( '-)) = f '^"^^^ f ^o7(a07(y)_\ ^ f xo'y{x)j{z) \ ^ 

\^[y)^{ )) 2 J \l{x)\x-y\y \^{x)\x-z\y (21) 

= 7(y)S(^)^(0(y)0(z)) 
but since we have assumed b = (0,b) and u = (0, u), we have 7(u) = 7(u) whence 

(O(y')O(z')) = 7(y)^7(z)^(0(y)0(z)) (22) 

accordingly to what was expected. 

The four point case parallels the two point one. It is straightforward to show covariance 
under dilations and special conformal transformations: the argument is exactly the same. 
The only difference is the Green's function G'^{x,x') which is now not constant but we 
show that in fact it is an invariant function. We remind its expression 

G{x,x') = -^r^F[^,A;a + l;r' 

where 

1 f 1 



- < - [|x — x'l^ + \x — + y^\x — — x'* p 



2xox'o [2 

and x = (xo,x), x* = (— xo,x). 

Dilation invariance of the ^ variable is self evident. Under SCT, ^ transforms into 



2xox'q I 2 



7(x)7(x') I 1 r k — x'P \x — x'*'^ "I . /I-^ — o"'I2|t. _ T~/*|2 



+ 



7(x)7(x') 7(x)7(x'*) 



+ 



y/\x — x'p|x — x'*\ 
^{x)^/-f{x')'y{x'*] 



but since b = (0, b), we have ^{u) = ^{u*). We can conclude that the variable ^ is invariant 
under SCT too and write 



(0(ay)0(az)0(av)0(aw)) = a-^^(0(y)0(z)0(v)0(w)) (23) 



(0(y')0(z')0(v')0(w')) = 7(y)^7(z)^7(v)^7(w)^(0(y)0(z)0(v)0(w)) (24) 



8 



To generalize the argument it is not difficult to write down the 2N point function^, 
following the hint given by the two and four point case. We have 



(0(xi,)0(xib) . . . 0(xiVa)0(xiV6)) OC 



G{zi,Z2) G{z2,zs)... G{zn-i,zn) G{zn, zi)x 



J ZiQ ZNq 



X 



( 



Zlo + |zi - Xia 




ZNq + Izat — XATfc 



) 



A 



X . . . 




Every step of our argument can be replicated, so we can say that also at one loop level 
the AdS/CFT correspondence holds in the sense that one loop corrections have the same 
transformation laws under the conformal group as the correlation functions at tree level. 
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^The number of points must be even because of the (jj —4> symmetry in the action. All functions 
with an odd number of points vanish. 
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